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Abstract
The confinement-deconfinement transition is discussed from topological viewpoints. The topological change of the system is
achieved by introducing the dimensionless imaginary chemical potential (θ). Then, the non-trivial free-energy degeneracy becomes
the signal of the deconfinement transition and it can be visualized by using the map of the thermodynamic quantities to the circle
S 1 along θ. To understand this “topological” deconfinement transition at finite real quark chemical potential (µR), we consider the
isospin chemical potential (µiso) in the effective model of QCD. The phase diagram at finite µiso is identical with that at finite µR
outside of the pion-condensed phase at least in the large-Nc limit via the well-known orbifold equivalence. In the present effective
model, the topological deconfinement transition does not show a significant dependence on µiso and then we can expect that this
tendency also appears at small µR. Also, the chiral transition and the topological deconfinement transition seems to be weakly
correlated. If we will access lattice QCD data for the temperature dependence of the quark number density at finite µiso with
θ = π/3, our surmise can be judged.
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1. Introduction
Understanding the confinement-deconfinement transition is
one of the important subjects in the particle and nuclear physics.
In the heavy quark mass limit, the Polyakov loop respecting
the gauge invariant holonomy characterizes the deconfinement
transition. In that case, the spontaneous Z3 symmetry breaking
describes the deconfinement transition and the Polyakov-loop
becomes the order parameter of the symmetry breaking. On
the other hand, the Polyakov loop cannot be considered as the
order-parameter of the deconfinement transition at finite quark
mass.
Recently, it was found that the confined and deconfined states
at zero temperature (T = 0) are characterized by the ground-
state degeneracy when the system has non-trivial topology [1].
This argument is based on the topological order discussed in
the condensed matter physics where the spontaneous symmetry
breaking is absent [2]. Thus, we can expect that the decon-
finement transition can be described by the topological order
and then it does not require spontaneous symmetry breaking.
In Ref. [3], the present authors consider the free-energy degen-
eracy at finite T based on the analogy of the ground-state de-
generacy to determine the deconfinement phase transition. The
modification of the topology is achieved by introducing the di-
mensionless imaginary chemical potential, θ ≡ µI/T ∈ R where
µI is the imaginary chemical potential. As a result, the decon-
finement transition temperature at zero real quark chemical po-
tential (µR = 0) can be determined by the Roberge-Weiss (RW)
endpoint temperature, TRW. The RW endpoint is the endpoint
of the RW transition at θ = π/Nc where Nc is the number of
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colors [4]. This suggests that the deconfinement transition may
be the topological phase transition related with the topological
order.
From differences of topology between the confined and de-
confined phases as mentioned above, we can construct the
quantum order-parameter which we call the quark number
holonomy [5] as
Ψ =
∮ 2π
0
Im
(dn˜q
dθ
)
dθ, (1)
where n˜q = nq/T
3 represents the quark number density normal-
ized by T 3 to make Ψ dimensionless. When nq has the gap at
θ = π/Nc, Ψ should be nonzero and it counts the number of the
gapped points of nq along θ;
Ψ = 2Nc lim
ǫ→0
Im nq
(
θ =
π
Nc
− ǫ
)
. (2)
Therefore, θ = π/Nc is an important and interesting point. If the
RW endpoint becomes the triple-point where three first-order
transition lines meet [6, 7], the point where Ψ start to have
nonzero value is shifted to lower temperature than TRW. This
temperature is sometimes called TBeard; see Ref. [5] for details.
In both cases, we can see difference of topology between the
confined and deconfined phases and thus we can state that the
deconfinement transition is the topological phase transition. It
should be noted that the expression (1) is valid not only at zero
density but also finite density.
The topological structure can be visualized via the map of
thermodynamic quantities, for example the thermodynamic po-
tential, to the circle S 1 along periodic θ as shown in Fig. 1.
Here, we plot the thermodynamic states which are global mini-
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Figure 1: Schematic figures of the topological difference in the confined and
deconfined phases with Nc = 3. The left (right) column represents the con-
fined (deconfined) phase. The first, second and third rows are the original θ-
dependence of the thermodynamic potential, its map to S 1 and its map to 2
dimensional space by replacing the torus. In the right panel of the first row, the
bold line represents the global minima. In the second row, solid lines which
wind around torus are realized thermodynamic state (global minima of the ef-
fective potential) and its Z3 images if those exist.
mum and two possible local minima of the thermodynamic po-
tential at each θ as lines on the torus. Two possible local min-
ima are so called the Z3 images of the global minimum. In
the confined phase, only one line winds around the torus Nc
times, but there are Nc lines in the deconfined phase and each
line wind around the torus only one time. Number of winding
are related with the RW periodicity and its realization mech-
anism [4, 3]. By removing the torus, lines can be mapped to
the 2-dimensional space as closed rings: one ring exists in the
confined phase and three entangled rings appear in the decon-
fined phase. These entangled rings are not the Borromean rings
because we cannot untangle them by removing one ring.
To see more topological properties of thermodynamic states,
we consider three operations, Θ, Υ and ZNc , for the thermody-
namic state. We set the global minimum of the thermodynamic
potential at θ = 0 as the initial thermodynamic state and ex-
press it as ψ(θ = 0, φ = 0) where φ represents the phase of the
Polyakov loop. In the case with Nc = 3, φ can take 0, 2π/3 and
4π/3 in the deconfined phase. Three operations are following:
(Θ operation) It shifts ψ(θ, φ) to ψ(θ + 2π, φ′) and then we trace
the state which thermodynamic potential decreases if states in-
tersect each other when θ is varying. (Υ operation) It shifts
ψ(θ, φ) to ψ(θ + 2π/Nc, φ). It can be interpreted that the cer-
tain flux is inserted to the closed Euclidean temporal coordinate
loop and then θ is shifted by the Aharonov-Bohm effect. (ZNc
operation) It is the standard ZNc transformation which changes
ψ(θ, φ) to ψ(θ, φ + 2π/Nc) if the ZNc images exist. In the con-
fined phase, these operations should commute with each other
because thermodynamic states at any θ belong to the same im-
age as shown in the left-top panel of Fig. 1. By comparison,
three operations are not always commutable in the deconfined
phase and these show non-trivial commutation relations.
The topological determination of the deconfinement phase
transition is not yet applied to nonzero µR region and thus we
investigate this region in this paper by using the effective model
approach. At finite µR, there is the sign problem in the lat-
tice QCD simulation and thus we cannot obtain reliable re-
sults. Therefore, the effective model calculations are impor-
tant to have qualitative and quantitative understanding of the
QCD phase structure. To describe the non-trivial free-energy
degeneracy correctly, effective models should possess several
topological properties of QCD at finite θ. Such effective models
sometimes have the model sign problem [8, 9] which, of course,
relates with the original sign problem. The model sign problem
can be resolved by using the Lefschetz-thimble path-integral
method [10, 11, 12] and then we may investigate µR region di-
rectly [9], but it is not an easy task at present. We need some
more technical extensions of Ref. [9] in the complex µ case. It
should be noted that we can not use the standard approxima-
tion for the model sign problem in the PNJL model which only
takes into account the real part of the thermodynamics potential
in the present case. This approximation restricts Φ to only take
real values. At finite µI, the phase of Φ plays a crucial role and
thus it is necessary that Φ can take complex values.
In this paper, we consider µiso as an alternative approach to
investigate the QCD phase structure at finite µR. It is because
phase diagrams at finite µR and µiso are identical outside of the
pion condensed region in the large-Nc limit via the well-known
orbifold equivalence [13, 14, 15].
This paper is organized as follows. In the next section, we
explain the isospin chemical potential and formulation of the
effective model. Numerical results are shown in Sec. 3 Sec-
tion 4 is devoted to summary.
2. Effective model with isospin chemical potential
In this paper, we consider µiso to extract information of the µR
region because the µiso region has following two characteristic
properties:
1. Sign problem free
It is well known that there is no sign problem because the
condition τ2γ5Dγ5τ2 = D† is manifested where D de-
notes the Dirac operator and the symbol τi mean Pauli
matrices in the flavor space. This leads the condition
det(D) ≥ 0 even if µI is nonzero.
2. Orbifold equivalence
The phase structure at finite µiso is identical with that at
finite µR outside of the pion-condensed phase at least in the
large-Nc limit [15]. This equivalence is violated with finite
Nc by 1/Nc corrections such as the flavor mixing loops.
With the two properties, we can expect that the qualitative in-
formation of QCD phase diagram at finite µR can be extracted
from the QCD phase diagram at finite µiso. For example, the no-
go theorem of critical phenomenawere obtained in Ref. [16] via
the orbifold equivalence. The mean-field approximation which
picks up the leading-order of the 1/Nc expansion is widely used
in the effective model calculation to investigate the QCD phase
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structure and thus our analysis based on the orbifold equiva-
lence can be acceptable for a first step of the issue to understand
the topological deconfinement transition at finite µR. Therefore,
our results may provide positive motivation to perform the lat-
tice QCD simulation in the µiso ∈ R region with finite µI. It
should be noted that the sign problem comes back if we con-
sider the different θ for two quark fields with different flavor.
In this case, the imaginary part of µiso appears in addition to its
real part and then the condition, τ2γ5Dγ5τ2 = D†, is no longer
valid. This issue does not affect our present discussions, but it
should be considered when we take into account the imaginary
part of µiso in the future.
To investigate the phase structure at finite T and µiso, we
use the Polyakov-loop extended Nambu–Jona-Lasinio (PNJL)
model [17]. This model can well reproduce the QCD properties
at finite θ; see Ref. [18] as an example. The Lagrangian density
of the two-flavor and three-color PNJL model in the Euclidean
space is
L = q¯( /D + m0) −G[(q¯q)2 + (q¯iγ5~τq)2] +Vg(Φ, Φ¯), (3)
where m0 means the current quark mass, the covariant deriva-
tive is Dν − igAνδν4, Φ (Φ¯) denotes the Polyakov-loop (its con-
jugate) and Vg expresses the gluonic contribution. In the case
with m0 = µiso = 0, the Lagrangian density has S U(2)L ×
S U(2)R × U(1)V × S U(3)color symmetry. With m0 , 0 and
µI , 0, the Lagrangian density has U(1)I3 ×U(1)V × S U(3)color
symmetry. For example, see Refs. [19, 20, 21, 22] for recent
progress in the investigation of QCD phase structure at finite
µiso.
The imaginary and isospin chemical potentials can be intro-
duced to the model as the form
µ = µqI + µisoτ3, (4)
where I is the unit matrix. Each µq and µiso can be represented
as
µq =
µu + µd
2
, µiso =
µu − µd
2
, (5)
where µu (µd) is the quark chemical potential of up (down)
quark. In this paper, we consider µq = iµI (µI ∈ R) and µiso ∈ R
to discuss the topological deconfinement transition at finite µiso.
With the mean-field approximation, the thermodynamic po-
tential can be expressed as
V = Vf +Vg, (6)
where Vf,g are the fermionic and gluonic parts, respectively.
The actual form ofVf is
Vf = −2
∑
i=±
∫
d3p
(2π)3
[
3Ei,p + T ln
(
f −i f
+
i
)]
+G(σ2 + π2), (7)
where
f −i = 1 + 3(Φ + Φ¯e
−βE−
i,p )e−βE
−
i,p + e−3βE
−
i,p ,
f +i = 1 + 3(Φ¯ + Φe
−βE+
i,p )e−βE
+
i,p + e−3βE
+
i,p . (8)
Quark single particle energies are given as E∓±p = E± ∓ iµI with
E± =
√
(Ep ± µiso)2 + N2 for Ep =
√
p2 + M2. Symbols M and
N are defined as M = m0 − 2Gσ and N = −2Gπ with σ = 〈q¯q〉
and π = 〈q¯iγ5τ1q〉. Here we take the order parameter of the
U(1)I3 symmetry breaking as
π± =
1√
2
e±iϕ = 〈q¯iγ5τ±q〉, (9)
and we can set ϕ = 0 as in Ref. [23, 24] without loss of gen-
erality. In the following disucssions, we set π = |〈q¯iγ5τ1q〉|.
For example, see Ref. [23, 25, 26] for discussions in the isospin
chemical potential region by using the NJL model.
We employ the Polyakov loop potential used in Ref. [27] as
Vg and the parameter set used in Ref. [28]; for details of the
PNJL model with µiso, see Refs. [24, 29, 28] as an example. In
the PNJL model, the model Polyakov-loop is defined as
Φ =
1
Nc
trc
[
eig〈A4〉/T
]
, (10)
with the Polyakov-gauge fixing. The Polyakov loop is, of
course, gauge invariant, but Eq. (10) is not; see Ref. [30]
for discussions on the model and correct Polyakov-loops from
the Jensen inequality. Nevertheless, the model Polyakov loop
Eq. (10) is enough for our purpose. The Polyakov loop is intro-
duced to just model the Z3 properties of QCD because the mod-
eling of Z3 properties plays a crucial role to reproduce charac-
teristic properties of QCD at finite θ. Thus, there is no need to
reproduces the correct Polyakov-loop by the model Polyakov-
loop. It is the reason why we use the simplest PNJL model in
this paper.
The PNJL model seems to be an adequate effective model
to describe the topological properties of QCD at finite µI
and thus it allows us to discuss the topological confinement-
deconfinement transition. Our numerical results presented in
the next section are performed in the situation that the topologi-
cal confinement-deconfinement transition is modeled at µR = 0
and after the µiso-dependence of the transition is discussed. It
should be noted that we do not claim that the PNJL model can
reproduce all of QCD properties.
3. Numerical results
To investigate the topological deconfinement transition, θ =
π/3 region is important as shown in Eq. (2) and thus we show
the quark number density at θ = π/3 in addition to the chi-
ral condensate, the pion condensate and the Polyakov loop at
θ = 0 here. Figure 2 shows |σ|/m3π, π/m3π, |Φ| and |nq|/m3π as a
function of T/mπ and µiso/mπ. The chiral and pion condensates
strongly depend on µiso as well as on T , but the Polyakov loop
and the quark number density are less sensitive to µiso. In the
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Figure 2: The T and µiso dependence of the chiral condensate, the pion conden-
sate and the Polyakov loop at θ = 0 and the quark number density at θ = π/3.
Quantities are normalized by mπ = 138 [MeV].
leading-order approximation of the PNJL model, the gluonic
contributions do not have the explicit chemical-potential depen-
dence because there is no quark polarization effects which are
higher order contributions of the 1/Nc expansion. Thus, µiso
cannot affect the Polyakov loop directly. It is interesting to
compare these results with the isospin-density dependence of
the Polyakov-loop on the lattice [19]. Interesting point is that
the quark number density is also insensitive to µiso and it means
that the chiral and deconfinement transition are not correlated
strongly. This tendency can be expected to appear at finite
µR via the orbifold equivalence outside of the pion-condensed
phase.
In the topological determination of the confinement-
deconfinement transition, the behavior of quark number density
at finite θ is important. The left (right) panel of Fig. 3 shows
the behavior of nq as a function of θ with µiso = 0 (0.8mπ) for
T = 160, 180 and 200 MeV. The θ dependence of the quark
number density clearly shows the general feature of the topo-
logical phase transition discussed in Sec. 1: It is smooth be-
low TRW and has gaps above TRW. By comparison, the quark
number density does not strongly depend on µiso. This be-
havior means that the topological confinement-deconfinement
temperature is not very sensitive to µiso in the present model.
For reader’s convenience, we also show the T/mπ dependence
of |σ|/σ0, π/σ0 and Φ at θ = 0 and |nq|/σ0 at θ = π/3 with
µiso/mπ = 0, 0.4, 0.6, 1 in Fig. 4.
The phase diagram in the (T, µiso) plane is shown in Fig. 5.
The solid, dashed, dotted and dot-dashed lines are the de-
confinement transition temperature (TD), the deconfinement
pseudo-critical temperature determined by the peak of dΦ/dT
(TΦ), the chiral pseudo-critical temperature determined by the
peak of dσ/dT (Tχ) and the phase transition temperature of the
pion condensation (Tπ). If dσ/dT and dΦ/dT have two peaks,
we choice higher one as the pseudo-critical temperature. We
determine TD by TRW in this paper because the triple-point na-
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Figure 3: The θ dependence of the quark number density with µiso = 0 and
0.8mπ. The dotted, dashed and solid lines are results at T = 160, 180 and 200
MeV, respectively.
1  	
0
0.5


/
0
|
0
πσ
0
Φ
|σ
|/
σ
0
, 
π
/σ
0
, 
Φ
, 
|n
q
| /
σ
0
T/m
π
Figure 4: The T dependence of the chiral condensate, the pion condensate and
the Polyakov loop at θ = 0 and the quark number density at θ = π/3. The
solid, dashed, dotted, and dot-dashed lines are these quantities at µiso/mπ =
0, 0.4, 0.6, and 1, respectively. Quantities are normalized by σ0 = |σvacuum |.
The step-size of T is 1 [MeV].
ture of the RW endpoint depends on the form ofVg in the PNJL
model and also the qualitative behavior of TRW and TBeard are
basically same. From Fig. 5, we can find following features:
1. Behavior of TD and TΦ
TD and TΦ slightly decrease with increasing µiso and show
similar qualitative behaviors. However, Φ is continuously
changed at finite T and thus the determination of TΦ is not
clear unlike TD.
2. Behavior of TD at finite density
TD decreases with increasing µiso and thus we can expect
that TD also show decreasing behavior at finite µR via the
orbifold equivalence. This result is consistent with our per-
turbative estimate of TD at small µR [3].
3. Relation between TD and Tχ
The present definition of TD is not affected much by the
chiral transition even though we use the quark-bilinear
〈q†q〉.
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Figure 5: The phase diagram in the T -µiso plane. Symbols are numerical results
and lines are linear interpolations between them. The solid, dashed, dotted and
dot-dashed lines are explained in the text. Numerical error of these lines are
about ±1.5 [MeV].
4. Relation between TD and Tπ
By comparison, TD seems to be smaller than Tπ at large
µiso. This is not unreasonable since these transition are in-
dependent of each other. Finite quark mass leaves σ finite
and pion keeps its Nambu-Goldstone boson nature even at
large T . For example, some effective model results includ-
ing the present one show Tχ > TD at µR = 0.
We also note that TD is smaller than Tχ at small µiso. When
the pseudo-critical chiral transition boundary ends at the RW
endpoint, one should find Tχ(θ = 0) < Tχ(θ = π/3) = TRW(=
TD). It should be noted that this is not always the case; the order
of two temperatures, Tχ and TRW, depends on the details of the
framework. In the present setup, the chiral transition boundary
reaches the RW transition line (θ = π/3) at significantly higher
temperature than the RW endpoint, Tχ(θ = π/3) > TRW. It
should be noted that the difference between the confinement-
deconfinement temperatures determined from TRW and TBeard
are almost the same in the present model. We check it at µiso =
0 and 0.8mπ. Actually, the difference, (TRW − TBeard)/TRW, is
less than 3% and the slightly decreasing behavior of TBeard with
increasing µiso also appears.
Sensitivity of the critical temperature on the chemical poten-
tial is quantified using the curvature κ,
Tc(µ)
Tc(µ = 0)
= 1 − κ
(
Ncµ
T
)2
+ O
[(
Ncµ
T
)4]
. (11)
For Tc = Tχ, TΦ and TD with µ = µiso, the curvatures are
obtained as κχ = 0.017 ± 0.001, κΦ = 0.004 ± 0.001 and
κD = 0.003 ± 0.001, respectively. Compared with the chiral
transition, curvatures in TΦ and TD are much smaller, and show
that the deconfinement temperature is much less sensitive to µiso
than the chiral transition temperature. The chiral transition cur-
vature is larger than the lattice result in the real quark chemical
potential, κ ≃ 0.008 [31], but it is within a two sigma uncer-
tainty of more recent lattice results κ = 0.013 ± 0.003 [32],
κ = 0.0135 ± 0.002 [33], κ = 0.0149 ± 0.0021 [34] and
κ = 0.020 ± 0.004 [35]. The agreement would be accidental,
but suggests the validity of the orbifold equivalence.
4. Summary
In this paper, we have discussed the deconfinement transition
from topological viewpoints. Modification of the topology of
the system is achieved by introducing the dimensionless imag-
inary chemical potential (θ).
The topological difference between the confined and decon-
fined is visualized by using the map of the thermodynamic
quantities to circle S 1 along periodic θ. Then, we find that there
are three entangled rings of thermodynamic states in the decon-
fined phase, but there is only one ring in the confined phase af-
ter performing the 2-dimensionalmap of thermodynamic states.
To understand it more clearly, we have considered three opera-
tions for the thermodynamic state, θ shift, the flux insertion to
the closed Euclidean temporal coordinate loop and ZNc trans-
formation, and found nontrivial commutation relations between
them in the deconfined phase.
To investigate the topological deconfinement phase transition
in the real chemical potential (µR) region, we have investigated
the isospin chemical potential (µiso) region. Phase diagrams in
both regions are identical to each other outside of the pion-
condensed phase via the orbifold equivalence at least in the
large-Nc limit. The chiral and pion condensates are strongly
affected by µiso, but the Polyakov-loop and the quark number
density at θ = π/3 are not. We show this feature by esti-
mating the curvature of transition lines. In the present PNJL
model treatment, the gluonic part does not have explicit chem-
ical potential dependence because the quark polarization ef-
fects are ignored. This leads to uncorrelated results between
the chiral and deconfinement transitions. Some results for the
chiral and pion condensations have been observed on the lat-
tice [36, 37, 38, 39, 40, 19, 20], but not for the quark number
density at θ = π/3. If we will access lattice QCD data of the
quark number density at finite µiso with θ = π/3 in the future,
we can judge our surmise. If lattice simulations will provide
the strong correlated results between the chiral and the decon-
finement transitions at finite µiso, we can use the µiso region as
a laboratory to extend the gluonic part of the effective model to
include quark polarization effects by comparing the deconfine-
ment transition in the effective model and that in lattice QCD
simulations.
In this study, we clarify topological properties of QCD via
the imaginary chemical potential. Also, it is a first study of
the topological deconfinement transition at finite chemical po-
tential. We hope that this study shed a light to nature of the
deconfinement transition from topological viewpoint. One of
the possible future directions of this study is the calculation of
the Uhlmann phase [41] which has been used to discuss the
finite temperature topological-order in the condensed matter
physics [42, 43]. Therefore, we can clarify the confinement-
deconfinement transition from the same context of the con-
densed matter physics if we can calculate the Uhlmann phase
5
in QCD. The calculation of the Uhlmann phase in QCD seems
to be very difficult or impossible at present, but it will complete
our discussions presented in Refs. [3, 5] and also this paper.
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